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Abstract 

 

The transition from arithmetic in elementary school to algebra in the middle grades often 

presents challenges to students as they encounter new experiences and content in 

mathematics classrooms which require them to think algebraically. It is widely agreed 

that students can benefit from early exposure to algebraic ideas within the context of 

mathematics already taught at the elementary level and that this exposure will aid them in 

their understanding of algebra in later grades. The opportunity to develop algebraic 

thinking skills at the elementary level relies heavily upon the ways in which teachers 

understand algebraic thinking and how they choose to develop these skills within their 

classrooms. This paper documents the design of a study which aimed to explore 

elementary teachers’ perceptions of algebraic thinking in terms of its presence in the 

North Carolina Standard Course of Study for grades K-5, difficulties encountered during 

the implementation of the study, and an exploration of the vertical alignment of selected 

algebra concepts throughout the current North Carolina Standard Course of Study for 

grades K-8.  
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 Introduction 

Upon reflection of my own experiences in K-12 classrooms, I recall many of my 

peers observing that although they excelled in mathematics in elementary school, they 

struggled with mathematics in the middle grades and were never able to grasp 

mathematical material as well from that point on. The transition from elementary 

mathematics to the middle grades presents difficulties for many students, as it tends to 

mark the shift from arithmetic to algebra in the mathematics curriculum (Brizuela & 

Schliemann, 2003). When presented with an opportunity to explore a research topic of 

my choosing, I was reminded of the frustration that I saw many students experience when 

first presented with algebra content and the effects that this experience can ultimately 

have on a student’s overall experience with mathematics. As a student who has come to 

develop a great appreciation for the study of mathematics and mathematics learning, I am 

eager to gain a better understanding of this problem. 

While explicit algebra content is easily associated with mathematics at the middle 

and secondary levels, there has been a push to treat algebra as a strand of content that 

begins as early as the prekindergarten level (NCTM, 2000). By introducing students to 

skills and habits of mind which are essential to the learning of algebra, teachers have the 

opportunity to lay the foundation for success when the time comes for students to engage 

with formal algebra content. Of course, any effort to impact student learning inevitably 

relies heavily on the beliefs and actions of teachers. With this in mind, the aim of this 

research project is to address two questions: First, how do elementary teachers perceive 

and teach algebraic reasoning? Second, how can engaging in algebraic reasoning during 

elementary school prepare students to learn algebra at the middle and secondary levels?  
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Literature Review 

The Case for Early Algebra 

In their discussion of the algebra standards for prekindergarten through grade 12, 

the National Council of Teachers of Mathematics (NCTM, 2000) identifies the following 

as skills that all students should be enabled to do: (1) understand patterns, relations, and 

functions, (2) represent and analyze mathematical situations and structures using 

algebraic symbols, (3) use mathematical models to represent and understand quantitative 

relationships, and (4) analyze change in various contexts. While these skills are 

commonly addressed through experiences with algebra content at the middle and 

secondary levels, NCTM emphasizes the importance of introducing algebraic concepts at 

early stages in a student’s education. Since the call to reform algebra in the K-12 

curriculum, many have proposed changes to the approach to algebra in elementary 

classrooms.  

Smith and Thompson (2007) propose a shift in focus from arithmetic to exercises 

which promote quantitative reasoning to support the learning of algebra. Others 

emphasize the importance of integrating algebra into the pre-existing arithmetic content 

in order to develop the reasoning skills necessary to aid in the transition from arithmetic 

at the elementary level to algebra in later grades (Chappell 1997, Stephens, Grandau, 

Asquith, Knuth, & Alibali, 2004;  Rivera 2006). Regardless of the exact approach taken 

to build a foundation for algebra in the early grades, it is generally agreed upon that 

students stand to benefit from an early introduction to algebraic concepts in order to be 

successful in learning formal algebra and that this is best achieved, not by introducing 

complex algebra content at an earlier level, but rather finding ways to introduce habits of 
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mind consistent with those essential to learning algebra in a way that is appropriate to 

each grade level (Stephens, 2008).  

Two separate studies on the effects of “algebrafied” instruction (that is, 

instruction which integrates algebraic practice into the pre-existing elementary 

curriculum) in third grade classrooms reveal the benefits of an early introduction to 

algebraic patterns of thought. Blanton & Kaput (2005) focused on the efforts of an 

individual third-grade teacher to integrate algebraic thinking tasks into her daily 

instruction. After one full academic year of algebrafied instruction, students performed 

significantly better than students at the same grade level whose teacher utilized a standard 

arithmetic curriculum. Students that had the opportunity to engage in algebraic thinking 

tasks not only performed better than the control group, but also performed as well or at 

higher levels than fourth grade students on items related to algebraic thinking tasks that 

had been addressed in the classroom. Similarly, a 2015 study (Blanton, Stephens, Knuth, 

Gardiner, Isler, & Kim) of a comprehensive algebra intervention in a third-grade 

classroom revealed that students at this level were capable of successfully developing 

algebraic thinking skills which are considered to be foundational to the study of algebra 

at the middle and secondary levels. As with the 2005 study, it was found that the students 

who received “algebrafied” instruction performed significantly better on an assessment of 

algebraic thinking skills and practices than students who received standard arithmetic-

based instruction.  

Research indicating measurable benefits of early algebra leads to a discussion of 

how algebra can and should be introduced into the elementary curriculum. Stephens 

(2008) proposed the treatment of algebra in the K-12 curriculum as a way of thinking 
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rather than as a collection of mathematical procedures as a means to broaden students’ 

experiences with algebra in the early grades. This leads to the discussion of what exactly 

is meant by “algebraic thinking” and how it can be effectively developed among 

elementary mathematics students.   

What “Counts” as Algebraic Thinking?  

There exists no general consensus as to what specific skills the term “algebraic 

thinking” refers to, but considerable research has been done which explores the 

development of ideas which are thought to be essential to prepare students to engage with 

formal algebra content. Kaput and Blanton (2005) take algebraic reasoning to be “a 

process in which students generalize mathematical ideas from a set of particular 

instances, establish those generalizations through the discourse of argumentation, and 

express them in increasingly formal and age-appropriate ways” (p. 413). While algebraic 

thinking itself can take several forms, they note that it most commonly exists at the 

elementary level in the form of generalized arithmetic and functional thinking. 

Generalized arithmetic refers to reasoning about properties of numbers and arithmetic 

processes, such as the understanding of the commutative and associative properties of 

addition and multiplication. Functional thinking refers to the generalizing of numerical 

patterns in order to describe functional relationships such as examining and generalizing 

about growth patterns.  

Kriegler (2013) organizes algebraic thinking into two major components: 

mathematical thinking tools and fundamental algebraic ideas. The former, which refers to 

the development of algebraic habits of mind, is further divided into three subcategories: 

problem-solving, representation, and quantitative reasoning. Each of these skills prepares 
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students for engagement with algebraic tasks by providing them with a “toolkit” of 

thinking tools which allow them to approach and solve unfamiliar problems. 

Fundamental algebraic ideas refer to conceptual understanding of mathematical content. 

This component is also separated into three separate categories: algebra as generalized 

arithmetic, algebra as a language, and algebra as a tool for functions and modeling. 

Kriegler (2013) points out the necessity of possessing fluency in both components of 

algebraic thinking in order to be successful at higher levels of mathematics education and 

in modern society- “one can hardly imagine thinking logically (mathematical thinking 

tools) with nothing to think about (algebraic ideas)” (p.1).  

Jacobs, Franke, Carpenter, Levi, and Battey (2007) identify the importance of 

relational thinking as a skill for teachers to promote when integrating algebraic thinking 

practices into their instruction. Relational thinking refers to the process of examining 

expressions and noticing relationships within and between them. For example, students 

may solve the equation 12 + 25 = 11 +     ⃞ by adding the numbers on the left side of the 

equal sign and then subtracting 11 from this sum to obtain the final answer of 26. An 

approach which demonstrates relational thinking would involve noticing that 11 is 1 less 

than 12 and therefore adding 1 to 25 will balance the equation. This is an example of 

relational thinking as it is related to algebraic thinking through simplifying calculations, 

but other applications include a relational understanding of the equal sign and 

generalizing about number operations (i.e., making generalizations about the additive 

property of 0).  

It is acknowledged that algebraic thinking can be represented by a number of 

skills and practices and the line is sometimes blurred between what qualifies and what 
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does not. For the purposes of this paper, algebraic thinking will be defined in terms of its 

connections to the North Carolina Standard Course of Study “Operations and Algebraic 

Thinking” domain of study present in grades kindergarten through fifth. According to the 

Common Core progressions, which served as a basis for the North Carolina standards, 

algebraic thinking deals with the mathematical properties of basic operations and 

associated quantitative relationships. There is a particular emphasis on the generality of 

concepts within this domain, with the intention of preparing students to “extend 

arithmetic beyond whole numbers and understand and apply expressions and equations in 

later grades” (Common Core Standards, 2011, p.2). The North Carolina K-5 standards 

address this goal through content intended to promote this type of thinking, including the 

properties of operations, a relational understanding of the equal sign, representing and 

solving problems involving symbols, and generating and interpreting patterns (NC 

Department of Public Instruction, 2017).  

Teachers’ Perceptions of Algebraic Thinking 

As with any grade level and subject, teachers’ content knowledge can vary quite 

drastically and the degree to which a teacher understands the concepts that they are 

teaching is significantly related to student learning and achievement (Hill, Rowan, & 

Ball, 2005). Research conducted on current and preservice teachers’ understanding of 

algebraic thinking has produced results which suggest that their understanding of algebra 

is derived mainly from their own experiences in middle and secondary mathematics 

classrooms (Gordillo & Godino, 2014; Stump & Bishop, 2002). Unfortunately, this 

understanding stems from the same traditional arithmetic-to-algebra instruction which 

has been called to be reformed and has often left teachers without the proper 
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understanding required to develop algebraic thinking skills among their students (Blanton 

& Kaput, 2003; Borko, Frykholm, Pittman, Eiteljorg, Nelson, Jacobs, Koellner-Clark, & 

Schneider, 2005). Blanton and Kaput (2003) point out the need for elementary teachers to 

have “their own experiences with a richer and more connected algebra and an 

understanding of how to build these opportunities for their students” (p. 70). 

In a study of preservice elementary teachers’ conceptions of algebraic thinking, 

participants tended to describe algebra in terms of explicit algebra content such as 

equation solutions and finding unknown values rather than as a process of thinking 

(Gordillo & Godino, 2014; Ahuja, 1998).  This was further supported by a study 

(Stephens et al., 2004) which examined the conceptions of algebraic reasoning among 

elementary teachers. It was noted that teachers tend to possess an understanding of 

algebra as symbol manipulation rather than as a process of thinking. Teachers 

consistently described algebra in terms of symbols and unknowns and tended to identify 

tasks as “algebraic” when they included arithmetic operations with variables over tasks 

which demonstrated evidence of relational thinking.  

Researchers have also pointed out misconceptions in elementary teachers’ 

understanding of the equal sign as an operational rather than a relational symbol 

(Gordillo & Godino, 2014; Stephens et al., 2004). This has been documented as a 

common misconception among students that despite not typically posing problems in the 

solving of arithmetic problems often posed in an elementary classroom, can lead to 

significant difficulties in solving algebraic equations at the middle and high school levels 

(Stephens et al., 2004). In particular, it has been proposed that the difficulties students 

encounter with polynomial expressions may be attributed largely to their 
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misunderstanding of the equal sign as a sign to “do something” rather than as an indicator 

of equivalence (Kieran, 2004).  

In a study of prospective elementary teachers, Ahuja (1998) found that only 

51.9% were able to demonstrate formal algebraic thinking skills. When presented with a 

series of algebraic thinking tasks, many participants found it difficult to identify patterns 

and relationships within problems. Participants also commonly struggled to correctly 

discern the meaning of variables, often interpreting them to represent the names of 

objects rather than values. Stump and Bishop (2002) report that preservice teachers faced 

difficulty in distinguishing between algebraic thinking and problem-solving skills and 

struggled to describe their own thinking when solving algebraic problems.  

 More research is needed to gauge the general perceptions of elementary teachers 

and how these perceptions impact instruction, specifically the development of algebraic 

thinking skills. A major aim of this study is to provide further insight into this area and to 

assess the ways in which algebraic thinking can be taught at the elementary level. 

The Vertical Alignment of Algebra Content 

In order to build the necessary foundation for algebra in later grades, teachers 

must possess a deep understanding of the components of algebraic thinking that will 

prepare students for the learning of more complex material. This also requires a 

knowledge of the connections between the concepts that are being taught at the 

elementary level and their utility for students when they are presented with more complex 

algebra content. It is the position of the National Council of Teachers of Mathematics that 

“algebraic ideas need to evolve across grades as a way of thinking and valuing structure 

with integrated sets of concepts, procedures, and applications” (NCTM, n.d, para. 1).  
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The process of planning and implementation of curriculum as it occurs from one 

grade level to the next is known as vertical alignment (Bergman, Calzada, LaPointe, Lee, 

& Sullivan, 1998) and has been shown to be a key component affecting student 

achievement (The Center for Comprehensive School Reform and Improvement, 2009). 

This is further supported by the 2008 report from the National Mathematics Advisory 

panel which states that the mathematics curriculum must be “marked by effective, logical 

progressions from earlier, less sophisticated topics into later, more sophisticated ones” 

(National Mathematics Advisory Panel, 2008, p. xvii). Research has indicated that 

student performance in the areas of mathematics identified by the NMAP as “critical 

foundations of algebra” is rather weak and supports the need for a curricular framework 

which aims to foster a deeper understanding of algebraic content throughout all grade 

levels (Smith, 2014). One suggestion for addressing this issue is to restructure the 

mathematics curriculum with an attention to the structure of mathematics. That is, 

looking for connections between standards across grades, ensuring that content increases 

evenly in both depth and breadth across grades, and eliminating the unnecessary 

repetition of content (Wise & Alt, 2005).  

Smith (2014) identifies concepts which are ideal for students to be familiar with 

prior to formal algebra exposure, including a deep understanding of whole numbers, 

fractions, and integers, and an early exposure to algebraic thinking as an extension of 

arithmetic. She also notes that it is imperative for mathematics standards to be aligned in 

such a way that will allow teachers to understand how concepts develop across all 

multiple grade levels. It is further suggested that this should be achieved through the 

implementation of professional development programs that aim to increase teachers’ 
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conceptual understanding and provide necessary resources for teaching algebra content 

across grade levels. Perspectives collected from mathematics teachers on this topic 

suggest that familiarity with the specific concepts addressed by the current curriculum are 

not sufficient in preparing students to succeed when it comes to algebra in later grades. 

Along with possessing fluency with numbers and operations, students must have an 

understanding of the meaning tied to the mathematical procedures. The same survey of 

teachers noted that some classroom time often must be dedicated to the “pre-teaching” of 

concepts that are necessary for learning new algebra material, which in turn adds pressure 

to cover everything laid out in the curriculum. It is suggested that in order to avoid this, 

more attention should be paid to the sequencing of algebra content across grade levels 

and informing teachers of these progressions so that students can be adequately prepared 

as they encounter each course.  

Research Methods 

The aim of this study was to collect data on elementary school teachers’ 

perceptions of algebraic thinking by conducting a survey in which participants were 

asked to provide information about their teaching and mathematics backgrounds, provide 

an activity which they use to address one of the North Carolina Standard Course of Study 

“Operations and Algebraic Thinking” domain of study, and reflect on the use of this 

activity with regard to developing algebraic thinking. Responses were to then be 

collected and analyzed according to a coded system, allowing the responses to be 

quantified based on the frequency of topics or ideas that can be considered algebraic 

thinking. As there currently exists no widely agreed upon definition of “algebraic 
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thinking,” this concept would be interpreted in terms of the K-5 “Operations and 

Algebraic Thinking” standards outlined by the North Carolina Standard Course of Study.  

Participants  

Potential participants in the study included elementary teachers at Appalachian 

State University’s Academy at Middle Fork, a public lab school established through the 

university in partnership with the Winston-Salem/Forsyth County school district. The 

direct connection to the University made this population of teachers a logical choice to 

examine for the purposes of this research. At the time of this study, the Academy 

employed eighteen teachers at kindergarten through fifth grade (three teachers per grade 

level), as well as professionals in other specialized areas. For this study, participants of 

interest were the eighteen K-5 teachers, as this population deals directly with the 

NCSCOS algebraic thinking standards addressed by the survey. The survey was 

conducted anonymously through Google Forms and required no submission of 

identifying information in order to protect the identities of those who chose to participate 

in the research study.  

Survey Questions 

For an exact copy of the survey questions, see Appendix B. The survey consisted 

of two sections. In the first section, participants were asked to provide information about 

their teaching background and experiences with mathematics. An effort was made to 

collect information about each teacher’s level of experience with teaching mathematics 

so as to examine any existing relationship between teaching experience and the degree to 

which an activity promotes algebraic thinking. In addition to the years of teaching 

experience they possess, participants were asked to note all grades that they have 
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previously taught and are currently teaching. This item provides further information 

related to teacher experience to consider during the analysis and is also relevant to 

questions posed in the second part of the survey.  

Teachers were also asked to describe their comfort level with regard to teaching 

mathematics. Many teachers possess a negative viewpoint of mathematics which 

exacerbates feelings of anxiety related to teaching mathematics content (Bekdemir, 

2010). An effort was made to address this facet of each teacher’s experience so as to 

examine its possible connections to that individual’s perceptions of algebraic thinking. It 

was acknowledged during the design of this study that a primary focus of the Academy at 

Middle Fork is currently to enhance literacy among its students. Students still receive 

mathematics instruction, but teacher efforts may reflect a strong focus on literacy 

connections. This, along with several other factors related to an individual’s background 

in mathematics, could certainly contribute to the level of comfort they have with regards 

to teaching mathematics.  

In the second section, participants were provided with a list of the North Carolina 

Standard Course of Study documents and asked to upload or describe an activity that they 

use or have previously used in their classroom which exhibits the “Operations and 

Algebraic Thinking” domain of study. This is one of several content strands addressed by 

the K-5 curriculum and focuses on many of the skills which are considered to be 

associated with algebraic thinking, including the study of the properties of and 

relationships between operations, identifying and generating patterns, and analyzing 

relationships within and between patterns. The NCSCOS standards were chosen as a 

point of reference for participants due to the acknowledgement that teachers may not be 
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very familiar with the term “algebraic thinking” or the ways in which it can be exhibited. 

Additionally, teachers are already familiar with these standards and are more likely to 

possess activities for students related to the concepts outlined within the curriculum. 

Teachers were not limited to providing activities intended for the grade level that they are 

currently teaching but were asked to note which grade level their activity was intended 

for as context for the activity and to allow for direct connections to be made to grade-

specific content during the analysis. In addition to providing an activity, teachers were 

asked to reflect upon the activity’s connection to algebra and algebraic thinking.  

First, they were asked to explain how their activity promotes the development of 

algebraic thinking at their particular grade level. The aim of this question is to receive a 

reflection of the teacher’s understanding of algebraic thinking through their identification 

of specific features of the activity that they consider to promote algebraic thinking. Based 

on the skills, content, patterns of thinking, and other concepts that are mentioned in this 

response, it can be determined how closely those features align with algebraic thinking as 

it is outlined within the curriculum. The final question asks participants to explain how 

their activity prepares students to engage with algebra at the middle and/or secondary 

level. Similar to the goal of the previous question, this item aims to collect information 

about a teacher’s understanding and perceptions of algebraic thinking, but also extends 

past this in order to gauge their understanding of formal algebra and its connections to 

content in the elementary curriculum. Both of these questions were left open-ended to 

allow for a more accurate reflection of teachers’ perceptions when it comes to algebraic 

thinking. Allowing participants to craft their own responses presents the opportunity for 

them to explain their understanding of algebraic thinking as a concept outside of the 
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context of the activity. These questions are not as effective at gauging teacher’s 

perceptions if they include a list of suggested concepts or skills known to be related to 

algebraic thinking.  

Before the survey was released to participants, all questions and methods outlined 

in this section were submitted to the Institutional Review Board at Appalachian State 

University for review and approval. Due to the participation of human subjects in this 

study, all appropriate measures were taken in order to ensure the privacy and 

confidentiality of potentially sensitive information. This included a detailed description 

of all actions taken in the process of gathering and storing data as well as the ways in 

which researchers communicate with participants and report the data gathered from the 

survey. These details were submitted to the IRB and full approval for the study to 

proceed was granted.  

Difficulties with Data Collection 

Throughout the design of this study, it was acknowledged that all potential 

participants in the study were elementary school teachers currently teaching full-time 

amidst an ongoing pandemic. An effort was made to give all who wished to participate in 

the study adequate time to respond to the survey questions by providing all eligible 

participants with an exact copy of the survey questions one week prior to the date that the 

survey would open to receive responses. Once teachers were provided with the link to the 

survey, they were given an additional week to complete the survey and submit responses. 

Once this week had passed and no responses had been received, teachers received a 

follow-up email containing the survey link, which remained open for an additional two 

weeks. At the end of this period, no responses were received.  
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 There are several possible reasons for not receiving data, including particular 

challenges posed to teachers in the semester in which the study was conducted related to 

the ongoing COVID-19 pandemic, feelings of uneasiness or anxiety concerning the 

survey content, or general wariness related to providing information for research 

purposes. Regardless of the reasons teachers chose not to participate, the process of 

design and preparation for this study remains valuable to the aims of the study as a 

whole. In the absence of data to analyze, the focus of this paper shifts to another aspect of 

research outlined previously: the vertical alignment of algebra content throughout the K-8 

curriculum.  

Vertical Alignment 

The aim of this section is to provide a framework for the teaching of linear change 

from the kindergarten level up to eighth grade (typically including content up to Math I in 

the North Carolina Standard Course of Study). In an ideal setting, teachers across all 

grade levels have frequent opportunities to discuss the progression of mathematics 

content and the trajectory of particular concepts across all grade levels. Thus, when a new 

concept is taught to students, teachers are not only familiar with the content that they are 

responsible for teaching but are also aware of the overall progression of mathematical 

concepts across grade levels occurring before and after their own. This knowledge allows 

teachers to attend to concepts that will adequately equip students with the tools that they 

require to engage with increasingly complex mathematical ideas. For the purposes of this 

section, one can imagine a school which offers mathematics instruction from the 

kindergarten level up to Math I. The following section illustrates the progression of linear 

change, a key concept addressed throughout the K-8 curriculum, from its earliest roots to 
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a fully developed understanding of linear change in the context of linear 

functions. Although several opportunities to develop algebraic thinking skills and 

conceptual understanding of algebra content exist within the K-8 curriculum, the scope of 

this paper is limited to the explanation of the trajectory of the concept of linear 

change. The trajectories of additional selected algebraic concepts across the North 

Carolina Standard Course of Study are included in appendices C-F.  

Kindergarten 

NC.K.CC.1: Know number names and recognize patterns in the counting sequence by:  

• Counting to 100 by ones. 

• Counting to 100 by tens.  

Foundations for the concept of linear change are built as early as kindergarten as 

students are developing counting skills. At this level, students are expected to “know 

number names and recognize patterns in the counting sequence” as they practice skip-

counting to 100 by ones and tens. Opportunities to foster algebraic thinking skills begin 

here as students are led to generalize about patterns they recognize in the counting 

sequence. For example, a student who is struggling to count to 100 by ones can be guided 

to notice the cyclical nature of digits occurring within each place value (this also presents 

a connection to students’ learning about the base-10 system in first grade). Practicing 

skip-counting also serves as an informal introduction to the concept of constant rate of 

change. As students practice counting by ones and tens, strategies should be implemented 

which help to emphasize that the difference between each number in the counting 

sequence is always the same. This can be achieved using manipulatives such as base-10 

blocks to model the counting in groups- students should recognize that when they count 
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by tens, each number in the sequence is ten more than the previous number. Students are 

not expected to keep track of the number of groups counted at this level. Rather, attention 

is drawn to their understanding of a constant difference between each number and their 

proficiency in recognizing and reciting numbers in the counting sequence.  

First Grade 

NC.1.NBT.2 

Understand that the two digits of a two-digit number represent amounts of tens and ones. 

• Unitize by making a ten from a collection of ten ones 

• Model the numbers from 11 to 19 as composed of a ten and one, two three, 

four, five, six, seven, eight, or nine ones. 

• Demonstrate that the numbers 10, 20, 30, 40, 50, 60, 70, 80, 90 refer to 

one, two, three, four, five, six, seven, eight or nine tens, with 0 ones. 

At the first-grade level, students continue to gain familiarity with the counting 

sequence and the base-10 number system as they practice modeling two-digit numbers. 

Students should understand and be able to express that when they count by tens, each 

number in the sequence is composed of several groups of ten. As with their experiences 

with the counting sequence in kindergarten, this idea can be represented through the use 

of physical models or manipulatives to demonstrate the equal groupings of ten within 

each number. This practice serves not only as a foundation of the concept of linear 

change but also as a form of repeated addition, an important precursor to the 

understanding of multiplication.  

In addition to their observations related to these multiples of ten, students can see 

that the number of equal groups that form each number in this sequence correspond to the 
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digit in the tens place. The ability to recognize this property is important to students’ 

understanding of place value, but also presents an early opportunity to develop algebraic 

thinking skills. As students move into second grade, they encounter the same ideas in the 

context of larger numbers. The same patterns that are observed at the kindergarten and 

first grade level are addressed once again in second grade, with students expanding their 

practice and understanding from two-digit to three-digit numbers.  

Second Grade 

NC.2.NBT.1: Understand that the three digits of a three-digit number represent amounts 

of hundreds, tens, and ones.  

• Unitize by making a hundred from a collection of ten tens.  

• Demonstrate that the numbers 100, 200, 300, 400, 500, 600, 700, 800, 900 refer 

to one, two, three, four, five, six, seven, eight, or nine hundreds, with 0 tens and 0 

ones.  

• Compose and decompose numbers using various groupings of hundreds, tens, and 

ones.  

NC.2.NBT.2: Count within 1,000; skip count by 5s, 10s, and 100s.	

In second grade, significant focus is placed on preparing students to understand 

the concept of multiplication, a concept which leads naturally into the idea of linear 

change. Students expand their understanding of place value from first grade to now 

include three-digit numbers. When students recognize that 100, 200, and 300 can be 

represented as one, two, and three groups of one hundred, they continue to build the 
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foundation for the concept of multiplication. Students will engage with the concept of 

repeated addition more explicitly in third grade, at which point they will be formally 

introduced to the concepts of multiples and factors.  

The practice of repeated addition pairs nicely with the extension of skip-counting 

in second grade. As students increase their knowledge of counting and place value, their 

practice of skip-counting can be extended to include larger values and different 

increments. In addition to providing another foundation for multiplication, this task can 

also be used to further develop students’ perceptions of a constant rate of change. 

Although the term “common difference” is not vocabulary used in second grade, students 

should understand this concept in terms of the difference between numbers that they list 

in a sequence, just as they did at the kindergarten level. Furthermore, teachers should ask 

questions which lead students to seek patterns in the counting sequence. What do you 

notice about the numbers that you say when you count by 5s? When you count by 5s, will 

you ever say the number 608? Why or why not? Practice with recognizing patterns and 

generalizing them to all numbers in the counting sequence helps to develop habits of 

mind that are inherently valuable to the learning of algebra in later grades but also 

prepares students to be able to recognize and generalize about patterns in third grade.  

Third Grade 

NC.3.OA.1: For products of whole numbers with two factors up to and including 10:  

• Interpret the factors as representing the number of equal groups and the number 

of objects in each group. 	
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• Illustrate and explain strategies including arrays, repeated addition, decomposing 

a factor, and applying the commutative and associative properties. 	

NC.3.OA.9: Interpret patterns of multiplication on a hundreds board and/or 

multiplication table. 

At the third-grade level, students should be comfortable with the concepts of 

counting and place value and are now beginning to move onto more complex operations 

with numbers, namely, multiplication. Pattern-seeking skills developed through skip-

counting in previous grades translate directly to students’ ability to recognize patterns of 

multiplication. As students explore several different strategies for performing 

multiplication, opportunities arise for connections to the concept of “constant change” 

that students are familiar with from their practice with skip-counting in previous grades. 

At the third-grade level, this idea can be addressed through an understanding of 

multiplication as repeated addition. One way to address this is with the use of a hundreds 

board or multiplication table illustrating existing patterns within the natural numbers that 

have been examined through skip-counting since kindergarten. Teachers may choose to 

present the board to students in a particular way so as to emphasize one idea. For 

example, consider the hundreds board below which has been shaded to emphasize all 

multiples of six. 

 

 

1 2 3 4 5 6 7 8 9 10 

11 12 13 14 15 16 17 18 19 20 
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21 22 23 24 25 26 27 28 29 30 

31 32 33 34 35 36 37 38 39 40 

41 42 43 44 45 46 47 48 49 50 

51 52 53 54 55 56 57 58 59 60 

61 62 63 64 65 66 67 68 69 70 

71 72 73 74 75 76 77 78 79 80 

81 82 83 84 85 86 87 88 89 90 

91 92 93 94 95 96 97 98 99 100 

 

Presenting this example to students and asking them what they observe can lead 

to the discovery of meaningful connections between the concept of multiples and linear 

change. The teacher may point out a particular multiple of six and ask students “how 

many groups of six have we added from zero to get to this value?” It should be 

demonstrated that each subsequent multiple of six can be represented as an additional 

group of six added from the previous multiple, with the number of groups as a factor of 

the given shaded value. This demonstration supports students’ understanding of 

multiplication while also promoting familiarity with the concept of constant change in 

terms of the repeated addition of the same amount over time.  

Alternatively to presenting students with a particular pattern, teachers may choose 

to provide the class with a blank board and allow students to find and describe their own 

patterns. No matter the specific approach, attention should be drawn to students’ ability 

to explain the mathematical reason for observed patterns in preparation for the connection 



 

 
 
22 

of given rules to the terms in a pattern in fourth grade. For example, if a student notices 

that all multiples of eleven fall on a diagonal, they should be able to provide a reason 

(“spaces on the board are arranged in rows of 10 and every multiple of 11 is exactly 11 

spaces apart, which is the same as 10+1”).   

Fourth Grade 

NC.4.OA.5: Generate and analyze a number or shape pattern that follows a given rule. 

Learning to explain patterns mathematically in third grade helps students to make 

sense of patterns that are paired with a given rule, present at the fourth-grade level. 

Consider the following problem:  

Shelby can write 2 pages every hour. How many pages will Shelby have written after 
each hour for 6 hours?  
 

This problem represents a slight shift in the type of practice that students have had 

with patterns. Rather than being expected to recognize patterns, students are asked to 

generate one based on the information they are given in the problem. Moreover, they are 

now able to examine the relationship between two changing quantities rather than one, a 

skill that will be extended further in upcoming grade levels. This problem should be used 

to highlight the linear nature of the relationship between the two changing quantities, 

albeit without explicitly introducing the idea of linear change. This idea should be 

familiar to students from their understanding of multiplication as the repeated addition of 

equal groups. In this example, they should recognize that an additional “group” of two 

pages corresponds to each additional hour. Practice with identifying and explaining 

patterns has served to develop the understanding necessary to apply this knowledge to a 
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problem involving two related quantities- an idea that will be heavily emphasized in the 

content explored in upcoming grades.  

Fifth Grade 

NC.5.OA.3: Generate two numerical patterns using two given rules.  

• Identify apparent relationships between corresponding terms.  

• Form ordered pairs consisting of corresponding terms from the two patterns. 

• Graph the ordered pairs on a coordinate plane. 

 In fifth grade, knowledge of the relationship between terms in a pattern and the 

rule that is used to produce them can be extended through an application to a problem 

involving two distinct patterns generated from two different rules. To demonstrate this, 

consider an extension of the fourth-grade pages-per-hour problem which also includes 

Shelby’s friend, Troy, who can write three pages per hour in comparison to Shelby’s two. 

In fourth grade, students were asked to examine the relationship between the number of 

hours and the number of pages written. In fifth grade, they can examine the same 

relationship as it relates to Troy’s scenario but are now asked to attend to comparisons 

between the two different patterns as well. Students should be guided to express the 

differences in the rates of change described in each situation, while still maintaining the 

understanding that both examples represent quantities that are increasing at a constant 

rate. Although students are not yet familiar with the concept of slope, they should be 

guided to make observations that quantify the relationship between two changing 

quantities (i.e. “for every additional hour, two additional pages are written”).  
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At this level, students are also expected to go further in their representation of a 

problem, creating ordered pairs from values in the table and graphing these points on a 

coordinate plane. Thus, students practice forming multiple representations of a linear 

relationship, despite this concept not being explicitly introduced at the fifth-grade level. 

As students work through this problem, teachers have the opportunity to move beyond 

the procedural applications of the problem by asking questions that guide students to 

notice connections between different representations. Drawing from experiences with 

recognizing patterns in earlier grades, students can be asked to identify patterns that are 

present in their graph of the two patterns and to explain why they make sense based on 

the information that they were given in the problem. Being able to make sense of the 

connections between different representations of a problem will be necessary to the 

extended practice of this skill in sixth grade, especially as students are expected to begin 

using variables to represent quantities in a problem.  

Sixth Grade 

NC.6.EE.9 Represent and analyze quantitative relationships by: 

• Using variables to represent two quantities in a real-world or 

mathematical context that change in relationship to one another. 

• Analyze the relationship between quantities in different representations 

(context, equations, tables, and graphs). 

The transition to middle school mathematics marks an important shift from 

arithmetic to algebra. At this level, students expand upon representations of change as 

they begin to use symbols to represent quantities in an expression. During this shift to 

more formal algebra content, teachers should implement tasks which draw on students’ 
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abilities to recognize and interpret patterns and give them opportunities to apply this skill 

to their learning of new material. In sixth grade, students are still not expected to 

recognize or use the term “linear,” but they continue to investigate relationships between 

quantities that grow in this manner.  

Consider the following problem, which may be utilized at the sixth-grade level. 

Every week, Mark adds $12 into a jar. Currently, the jar contains $37. Write an equation 
to determine how much money will be in the jar for any possible number of months.  

 

This problem draws upon many of the same concepts as the pages-per-hour 

problem utilized in fourth and fifth grade, including developing an equation from a word 

problem, constant rate of change, and analyzing the relationship between two changing 

quantities. The key difference that distinguishes students’ work in sixth grade from that 

of previous grades is the use of a variable to represent quantities in an equation. At this 

level, the expressions that students use to model change are linear equations, although 

students are still not expected to use this terminology to describe their work.  

To support the development of an understanding of linear growth, the teacher 

should draw attention to the nature of the relationship between the number of months 

passed and the amount of money that is added to the jar. One way to do this is to ask 

students to determine which quantity is dependent upon the other and how they know. 

They should be able to explain that the amount of money added to the jar is determined 

by the number of months that have passed and be able to express this using the terms 

“dependent variable” and “independent variable.” This understanding will remain 

important as students begin to encounter the concept of function throughout their practice 

with linear change. As with the fifth-grade problem, students should be able to quantify 
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the relationship between quantities- as the number of weeks increases by one, the total 

amount of money in the jar increases by twelve dollars. This understanding will lead 

naturally into the concept of slope, introduced in eighth grade. Problems which address 

quantitative relationships at this level should also require students to analyze linear 

change across different representations. Students should be able to create and move 

between equations, tables, graphs, and real-world descriptions of linear relationships and 

be able to choose the most appropriate representation depending on what they are being 

asked to do. 

Seventh Grade 

NC.7.RP.2: Recognize and represent proportional relationships between quantities.  

a. Understand that a proportion is a relationship of equality between ratios.  

• Represent proportional relationships using tables and graphs. 

•  Recognize whether ratios are in a proportional relationship using tables 

and graphs. 

•  Compare two different proportional relationships using tables, graphs, 

equations, and verbal descriptions.  

b. Identify the unit rate (constant of proportionality) within two quantities in a 

proportional relationship using tables, graphs, equations, and verbal 

descriptions.  

c. Create equations and graphs to represent proportional relationships.  

d. Use a graphical representation of a proportional relationship in context to: 
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• Explain the meaning of any point (𝑥, 𝑦). 

•  Explain the meaning of (0, 0) and why it is included. 

• Understand that the 𝑦-coordinate of the ordered pair (1, 𝑟) corresponds to 

the unit rate and explain its meaning.  

In seventh grade, students are once again expected to compare relationships 

between quantities, represent these relationships in various ways, and interpret them in 

context. However, content introduced in seventh grade requires students to apply these 

skills within the context of proportional relationships. Proportional relationships provide 

several relevant connections to concepts of linear equations that students will encounter 

in eighth grade. It is important that this concept is tied to their ongoing practice with 

analyzing quantitative relationships in order to provide a sufficient foundation for the 

introduction of linear functions at the eighth-grade level. To demonstrate this connection, 

consider the following problem which could be presented to a seventh-grade class:  

The relationship between the amounts of flour and water needed for a recipe can 
  be modeled using a proportional relationship. 

 
Flour ½ cup 1 cup 1 ½ cups 

 
2 ½ cups 

Water ¾ cup 
 

2¼ cups 3 cups 
 

 
a. What is the constant of proportionality? 
b. Use your answer from part (a) to fill in the missing values. 
c. Write and graph an equation to represent the amount of water that you will need 
for any  amount of flour. 

 
The skills required to solve this problem stem not only from students’ understanding 

of multiplicative relationships, but also from their practice with recognizing patterns and 

describing relationships between changing quantities. Students engage in the same 
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processes as they attend to this problem, but now use the constant of proportionality to 

express the relationship between values. This type of problem also allows students to 

notice that the proportional relationship is preserved among fractional values as well as 

whole numbers. Although it made sense to introduce linear change in terms of whole 

numbers, students now have the tools to engage with more sophisticated properties of 

linear relationships. This property can be emphasized through the analysis of the graph in 

part (c), where students can be asked to interpret the meaning of a continuous graph. 

Describing quantitative relationships in terms of proportionality offers teachers the 

chance to promote an understanding of rate of change as a ratio before this idea is 

formally addressed in the next grade. The term “slope” has still not been introduced at 

this point, but the idea of constant rate of change should be recognizable to students from 

the equations, tables, graphs, and verbal descriptions they form to answer problems.   

Eighth Grade 

NC.8.F.3: Identify linear functions from tables, equations, and graphs. 

NC.8.F.4: Analyze functions that model linear relationships. 

• Understand that a linear relationship can be generalized by 𝑦 = 𝑚𝑥 + 𝑏 

• Write an equation in slope-intercept form to model a linear relationship 

by determining the rate of change and the initial value, given at least two 

(x,y) values or a graph.  

• Construct a graph of a linear relationship given an equation in slope-

intercept form. 
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• Interpret the rate of change and initial value of a linear function in terms 

of the situation it models, and in terms of the slope and y-intercept of its 

graph or a table of values.  

The progression of the concept of linear change reaches a pivotal point in eighth 

grade. Students continue to contend with representations of change that they are familiar 

with but are now able to discuss these models in terms of the features of linear functions. 

At this level, students “identify linear functions from tables, equations, and graphs” by 

analyzing the relationship between two quantities in one of these representations, as they 

have been since fourth grade. Fluency with moving between representations of linear 

change that has been developed over previous grades should be utilized by the instructor 

as a tool for understanding new material at this level. Consider the following problem, 

which asks students to compare the features of two linear functions presented in two 

different formats.  

When Kelly babysits, she charges an initial fee of $10, with an additional charge 
of $5 per hour. Mike’s costs for babysitting are modeled by the following table:  

 
Hours Spent 
Babysitting 

1 2 3 

Price (in $) 12 19 26 

 
a. Can Kelly’s costs be modeled by a linear function? Can Mike’s? Explain how you 
know. 

b. Sarah needs to hire a babysitter for 7 hours. Who should she hire? Support your 
answer mathematically.  

c. Graph both functions on a coordinate plane. Use the graph to determine when the 
cost of  hiring Kelly is the same as the cost of hiring Mike.  

 
As students move between representations to address each part of the question, they 

encounter familiar concepts and apply them to the definition of a linear function and its 
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features. As new terminology is introduced, the instructor should draw upon relevant past 

experiences that will support learning of new material. For example, part (a) requires 

students explore the idea of “slope” by finding the rate of change between individual 

points and recognizing that this change is consistent between all points. This can be tied 

to students’ practice with determining if a relationship is proportional and calculating the 

constant of proportionality in seventh grade. It should be noted that while the concept of 

slope does have relevant connections to the concept of proportionality that was a major 

focus in seventh grade, teachers should be careful to emphasize that not all linear 

functions can be considered to be proportional relationships. Part (b) provides an 

opportunity to practice evaluating functions, which will translate to practice with function 

notation in Math I. Part (c) requires the interpretation of a graph in the context of a 

problem, which is a skill that students have been developing since fifth grade and will be 

expanded upon as they are introduced to quadratic and exponential functions in Math I. 

Now equipped with vocabulary to describe a constant rate of change and a basic 

understanding of linear functions, students are prepared to extend their understanding of 

these concepts in Math I. 

Math I 

NC.M1.F-IF.3: Recognize that recursively and explicitly defined sequences are functions 

whose domain is a subset of the integers, the terms of an arithmetic sequence are a subset 

of the range of a linear function, and the terms of a geometric sequence are a subset of 

the range of an exponential function.  

NC.M1.F-BF.1a: Write a function that describes a relationship between two quantities. 

a. Build linear and exponential functions, including arithmetic and geometric sequences, 
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given a graph, a description of a relationship, or two ordered pairs (include reading 

these from a table).  

In Math I, students develop an understanding of arithmetic sequences as a pattern 

between numbers that share a “common difference” (recall that this concept was 

informally introduced to students as early as the kindergarten level). As they determine 

the common difference for a particular sequence of numbers, students should be led to 

recognize the ways in which features of an arithmetic sequence correspond to features of 

a linear equation. The common difference between terms of a sequence may be compared 

to the slope of a linear equation, while the initial value is tied to the y-intercept. To 

promote an understanding of sequences as they are related to functions, a teacher may ask 

students to examine the relationship between a given arithmetic sequence and a linear 

function that share similar features. They should recognize that the terms, 𝑎!, of the 

arithmetic sequence form a subset of the range of the linear function and that the whole 

numbers, n, which denote each individual term in the sequence form a subset of the 

domain of the linear function. Comparisons made between arithmetic sequences and 

linear functions serve to ultimately emphasize the concept of linear change that has been 

present throughout mathematics courses up to this point. As with comparisons made 

between proportional relationships and linear functions in eighth grade, teachers should 

use problems such as the one described to emphasize important distinctions between 

sequences and functions, even as students make comparisons between the two. For 

example, students can be asked to graph both the arithmetic sequence and the linear 

function to clarify that the graph of the former is discrete, while the latter is continuous. 

In addition to providing a connection to prior knowledge that can assist in the 
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understanding of linear functions, the exploration of arithmetic sequences attends to the 

ability to generate and interpret patterns, a key component of algebraic thinking. This 

skill has been fostered through consistent practice since students’ earliest experiences 

with mathematics and will continue to develop as they engage with more complex 

material at the secondary level.  

Due to the vast amount of content related to functions addressed by the Math I 

standards, there exist ample opportunities for students to apply knowledge and skills 

addressed by previous mathematics courses. In previous grades, multiple representations 

were utilized as a tool to draw develop students’ understanding of key concepts while 

also providing practice with applicable mathematical procedures. This trend continues in 

Math I as students learn to generate accurate representations of linear functions and 

describe their key features. Students’ conceptions of linear change are also an asset to 

their learning of quadratic and exponential functions at this level. Standard NC.M1.F-

LE.1 (Identify situations that can be modeled with linear and exponential functions, and 

justify the most appropriate model for a situation based on the rate of change over equal 

intervals) explicitly requires students to attend to comparisons between linear and 

exponential change based on an analysis of the rate of change observed from a given 

situation. The procedures and concepts that will allow students to decide whether a 

situation is more appropriately modeled by a linear or exponential function are the same 

ones that they have been practicing since their first introductions to rate of change, now 

applied to a new context. Through the continuous development of a series of related ideas 

and algebraic thinking skills, the concept of linear change reaches a point at which it is 

now the idea that is used as a foundation for the teaching of more complex content.    
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Conclusion 

 Beyond the recognition and creation of trajectories for algebraic ideas across the 

curriculum, an effort must be made to ensure that teachers are aware of these 

progressions. Knowledge of where students have been and where they are going in terms 

of their mathematical understanding is essential to the successful development of ideas 

across the entire mathematics curriculum, including the refinement of skills that will 

promote algebraic thinking. In order to equip students with the tools necessary to succeed 

in their personal and professional lives, proper attention must be paid to the teaching of 

algebraic thinking skills and similar mathematical habits of mind. Before this skill can be 

expected of students, it must first be fully understood by teachers. Existing research 

points to the benefits of professional development programs targeted at teachers’ 

attention to algebraic reasoning at the elementary level and its impact on student 

understanding of concepts and tasks which address algebraic thinking. It is imperative 

that teachers are given the support necessary to develop perceptions of algebraic thinking 

that will allow them to foster algebraic thinking skills among their students and 

ultimately prepare them to engage with algebra at the middle school and high school 

levels.   
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Appendix A 

Consent Form for Elementary School Teachers Invited to Participate in the Study 

Information to Consider about this Research 

Exploring Elementary Teachers’ Perceptions of Algebraic Thinking and its Impact 
on Future Algebra Learning 
Principal Investigator: Greylyn Gaillard 
Department: Mathematics 
Contact Information: gaillardgk@appstate.edu  
Faculty Advisor: Mary Beth Searcy (searcyme@appstate.edu)  

 
You are invited to participate in a research study about the role of algebraic 
thinking in Elementary classrooms and its impact on students in higher level 
mathematics courses. As a preservice mathematics teacher, I am deeply interested 
in the experiences that students have with mathematics throughout their time in 
school, and greatly appreciate any opportunity to get real input from experienced 
teachers. It is my hope that this research helps to shed light on the importance of 
mathematical understanding and engagement at the elementary level and its value 
on learning at the middle and secondary levels.  
 
If you agree to be part of the research study, you will be asked to participate in a 
survey in which you will describe what algebraic thinking looks like in your 
classroom by providing an activity that you currently use or have used which 
demonstrates the North Carolina Standard Course of Study algebraic thinking 
objectives for a particular elementary grade level.  
 
Benefits of the research may include an opportunity to reflect on the presence and 
value of algebraic thinking in your classroom.  
There are no foreseeable risks or discomforts associated with participating in this 
research study.    
 
Participating in this study is completely voluntary.  Even if you decide to 
participate now, you may change your mind and stop at any time.  You may 
choose not to answer any survey question for any reason. 
 
If you have questions about this research study, you may contact Greylyn Gaillard 
(gaillardgk@appstate.edu) and/or Mary Beth Searcy (searcyme@appstate.edu)  
The Appalachian State University Institutional Review Board (IRB) has 
determined that this study is exempt from IRB oversight.  

 
By clicking “continue” at the bottom of this screen, I acknowledge that I am at least 



 

 
 
39 

18 years old, have read the above information, and agree to participate. 
 

 
Appendix B 

Survey Questions 

How many years have you been teaching? 

• 0-1 
• 2-5 
• 6-10 
• 11+ 

Please list all grades you have previously taught (if any) and are currently teaching. 

Are you teaching math this year?  

Please tell me a little about your own mathematics background.  

Describe your comfort level when it comes to teaching mathematics. 

In the next section, you will be asked to provide (or describe) an activity that you 
use or plan to use which addresses content from the K-5 NCSCOS “Operations and 
Algebraic Thinking” domain of study. If you are going to upload an activity, please 
remove any information that may identify you by name from any documents 
submitted.   

Which grade level is this activity intended for?  

Which algebraic thinking standards does the provided or described activity address?  

Please upload or describe your activity here (If you are going to upload an activity, please 
remove any information that may identify you by name from any documents submitted).    

From your perspective, explain how this activity helps students to develop algebraic 
thinking at this grade level. 

From your perspective, explain how this activity prepares students to engage with algebra 
at the middle and/or secondary level.  
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Appendix C 

Exponential Change (Trajectory) 

NC.K.OA.1 Represent addition and subtraction, within 10:  

• Use a variety of representations such as objects, fingers, 
mental images, drawings, sounds, acting out situations, 
verbal explanations, or expressions.  

• Demonstrate understanding of addition and subtraction by 
making connections among representations.  

NC.1.OA.6 

 

Add and subtract, within 20, using strategies such as:  

• Counting on  
• Making ten  
• Decomposing a number leading to a ten  
• Using the relationship between addition and subtraction  
• Using a number line  
• Creating equivalent but simpler or known sums  

NC.2.OA.4 

 

Use addition to find the total number of objects arranged in 
rectangular arrays with up to 5 rows and up to 5 columns; write an 
equation to express the total as a sum of equal addends.  

NC.3.OA.1 

 

For products of whole numbers with two factors up to and 
including 10:  

• Interpret the factors as representing the number of equal 
groups and the number of objects in each group.  

• Illustrate and explain strategies including arrays, repeated 
addition, decomposing a factor, and applying the 
commutative and associative properties.  

NC.5.NBT.5 

 

Demonstrate fluency with the multiplication of two whole 
numbers up to a three-digit number by a two-digit number using 
the standard algorithm.  

NC.6.RP.1 Understand the concept of a ratio and use ratio language to:  

• Describe a ratio as a multiplicative relationship between 
two quantities.  
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• Model a ratio relationship using a variety of 
representations.  

NC.6.RP .3 

 

Use ratio reasoning with equivalent whole-number ratios to solve 
real-world and mathematical problems by:  

• Creating and using a table to compare ratios.  
• Finding missing values in the tables.  
• Using a unit ratio.  
• Converting and manipulating measurements using given 
ratios.  

• Plotting the pairs of values on the coordinate plane. 

NC.7.RP.3 

 

Use scale factors and unit rates in proportional relationships to 
solve ratio and percent problems. 

NC.M1.F-IF.3 Recognize that recursively and explicitly defined sequences are 
functions whose domain is a subset of the integers, the terms of an 
arithmetic sequence are a subset of the range of a linear function, 
and the terms of a geometric sequence are a subset of the range of 
an exponential function.  

NC.M1.F-BF.1a Write a function that describes a relationship between two 
quantities.  

a. Build linear and exponential functions, including 
arithmetic and geometric sequences, given a graph, a 
description of a relationship, or two ordered pairs (include 
reading these from a table).  
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Appendix D 

Equality (Trajectory) 

NC.K.OA.1 Represent addition and subtraction, within 10:  

• Use a variety of representations such as objects, fingers, 
mental images, drawings, sounds, acting out situations, 
verbal explanations, or expressions.  

• Demonstrate understanding of addition and subtraction by 
making connections among representations.  

NC.K.OA.3  

 

Decompose numbers less than or equal to 10 into pairs in more 
than one way using objects or drawings, and record each 
decomposition by a drawing or expression. 

NC.1.OA.1  

 

Represent and solve addition and subtraction word problems, 
within 20, with unknowns, by using objects, drawings, and 
equations with a symbol for the unknown number to represent the 
problem, when solving:  

• Add to/Take from-Change Unknown  
• Put together/Take Apart-Addend Unknown  
• Compare-Difference Unknown  

NC.1.OA.7  

 

Apply understanding of the equal sign to determine if equations 
involving addition and subtraction are true. 

NC.1.OA.8  

 

Determine the unknown whole number in an addition or 
subtraction equation involving three whole numbers. 

NC.2.OA.1  

 

Represent and solve addition and subtraction word problems, 
within 100, with unknowns in all positions, by using 
representations and equations with a symbol for the unknown 
number to represent the problem, when solving:  

• One-Step problems: 
o Add to/Take from-Start Unknown o Compare-Bigger 
Unknown 
o Compare-Smaller Unknown  
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• Two-Step problems involving single digits: o Add to/Take 
from- Change Unknown 
o Add to/Take From- Result Unknown  

NC.3.OA.3  

 

Represent, interpret, and solve one-step problems involving 
multiplication and division.  

• Solve multiplication word problems with factors up to and 
including 10. Represent the problem using arrays, pictures, 
and/or equations with a symbol for the unknown number to 
represent the problem.  

• Solve division word problems with a divisor and quotient 
up to and including 10. Represent the problem using 
arrays, pictures, repeated subtraction and/or equations with 
a symbol for the unknown number to represent the 
problem.  

NC.3.OA.8  

 

Solve two-step word problems using addition, subtraction, and 
multiplication, representing problems using equations with a 
symbol for the unknown number.  

NC.4.OA.3  

 

Solve two-step word problems involving the four operations with 
whole numbers.  

• Use estimation strategies to assess reasonableness of 
answers.  

• Interpret remainders in word problems.  
• Represent problems using equations with a letter standing 
for the unknown quantity.  

NC.6.EE.4  

 

Identify when two expressions are equivalent and justify with 
mathematical reasoning.  

 
NC.6.EE.5 

 

Use substitution to determine whether a given number in a 
specified set makes an equation true. 

 
NC.7.EE.4.a Use variables to represent quantities to solve real-world or 

mathematical problems. a. Construct equations to solve problems 
by reasoning about the quantities.  

o Fluently solve multistep equations with the variable on one side, 
including those generated by word problems. 
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o Compare an algebraic solution to an arithmetic solution, 
identifying the sequence of the operations used in each approach.  

o Interpret the solution in context.  
NC.8.EE.7 Solve real-world and mathematical problems by writing and 

solving equations and inequalities in one variable.  

• Recognize linear equations in one variable as having one 
solution, infinitely many solutions, or no solutions.  

• Solve linear equations and inequalities including multi-step 
equations and inequalities with the same variable on both 
sides.  

NC.M1.A-REI.1 Justify a chosen solution method and each step of the solving 
process for linear and quadratic equations using mathematical 
reasoning.  

NC.M1.A-REI.3 Solve linear equations and inequalities in one variable. 
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Appendix E 

Symbols (Trajectory) 

NC.1.OA.2  

 

Represent and solve word problems that call for addition of three 
whole numbers whose sum is less than or equal to 20, by using 
objects, drawings, and equations with a symbol for the unknown 
number.  

NC.1.OA.8  

 

Determine the unknown whole number in an addition or 
subtraction equation involving three whole numbers.  

 
NC.2.OA.1  

 

 Represent and solve addition and subtraction word problems, 
within 100, with unknowns in all positions, by using 
representations and equations with a symbol for the unknown 
number to represent the problem, when solving:  

• One-Step problems: 
o Add to/Take from-Start Unknown o Compare-Bigger 
Unknown 
o Compare-Smaller Unknown  

• Two-Step problems involving single digits: o Add to/Take 
from- Change Unknown 
o Add to/Take From- Result Unknown  

 
NC.3.OA.3  

 

Represent, interpret, and solve one-step problems involving 
multiplication and division.  

• Solve multiplication word problems with factors up to and 
including 10. Represent the problem using arrays, pictures, 
and/or equations with a symbol for the unknown number to 
represent the problem.  

• Solve division word problems with a divisor and quotient 
up to and including 10. Represent the problem using 
arrays, pictures, repeated subtraction and/or equations with 
a symbol for the unknown number to represent the 
problem. 
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NC.3.OA.8  

 

Solve two-step word problems using addition, subtraction, and 
multiplication, representing problems using equations with a 
symbol for the unknown number. 

NC.4.OA.3  

 

Solve two-step word problems involving the four operations with 
whole numbers.  

• Use estimation strategies to assess reasonableness of 
answers.  

• Interpret remainders in word problems.  
• Represent problems using equations with a letter standing 
for the unknown quantity.  

NC.3.OA.3  

 

Represent, interpret, and solve one-step problems involving 
multiplication and division.  

• Solve multiplication word problems with factors up to and 
including 10. Represent the problem using arrays, pictures, 
and/or equations with a symbol for the unknown number to 
represent the problem.  

• Solve division word problems with a divisor and quotient 
up to and including 10. Represent the problem using 
arrays, pictures, repeated subtraction and/or equations with 
a symbol for the unknown number to represent the 
problem.  

NC.3.OA.8  

 

Solve two-step word problems using addition, subtraction, and 
multiplication, representing problems using equations with a 
symbol for the unknown number.  

NC.4.OA.3  

 

Solve two-step word problems involving the four operations with 
whole numbers.  

• Use estimation strategies to assess reasonableness of 
answers.  

• Interpret remainders in word problems.  
• Represent problems using equations with a letter standing 
for the unknown quantity.  

NC.6.EE.2 Write, read, and evaluate algebraic expressions.  

• Write expressions that record operations with numbers and 
with letters standing for numbers.  

• Identify parts of an expression using mathematical terms 
and view one or more of those parts as a single entity.  
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• Evaluate expressions at specific values of their variables 
using expressions that arise from formulas used in real-
world problems.  

NC.6.EE.4 Identify when two expressions are equivalent and justify with 
mathematical reasoning.  

NC.6.EE.6 Use variables to represent numbers and write expressions when 
solving a real-world or mathematical problem.   

NC.6.EE.9 Represent and analyze quantitative relationships by:  

• Using variables to represent two quantities in a real-world 
or mathematical context that change in relationship to one 
another.  

• Analyze the relationship between quantities in different 
representations (context, equations, tables, and graphs).  
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Appendix F 

Manipulating Expressions and Equations (Trajectory) 

NC.1.OA.4  

 

Solve an unknown-addend problem, within 20, by using addition 
strategies and/or changing it to a subtraction problem.  

 
NC.2.NBT.5  

 

Demonstrate fluency with addition and subtraction, within 100, 
by:  

• Flexibly using strategies based on place value, properties 
of operations, and/or the relationship between addition and 
subtraction.  

• Comparing addition and subtraction strategies, and 
explaining why they work.  

• Selecting an appropriate strategy in order to efficiently 
compute sums and differences.  

NC.3.OA.6  

 

 Solve an unknown-factor problem, by using division strategies 
and/or changing it to a multiplication problem.  

 
NC.3.OA.7  

 

Demonstrate fluency with multiplication and division with factors, 
quotients and divisors up to and including 10.  

• Know from memory all products with factors up to and 
including 10.  

• Illustrate and explain using the relationship between 
multiplication and division.  

• Determine the unknown whole number in a multiplication 
or division equation relating three whole numbers.  

 
NC.3.NBT.2  

 

1. Add and subtract whole numbers up to and including 
1,000.  

• Use estimation strategies to assess reasonableness 
of answers.  

• Model and explain how the relationship between 
addition and subtraction can be applied to solve 
addition and subtraction problems.  
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• Use expanded form to decompose numbers and 
then find sums and differences.  

NC.4.NBT.6  

 

Find whole-number quotients and remainders with up to three-
digit dividends and one-digit divisors with place value 
understanding using rectangular arrays, area models, repeated 
subtraction, partial quotients, properties of operations, and/or the 
relationship between multiplication and division.  

  
NC.5.NBT.6  

 

Find quotients with remainders when dividing whole numbers 
with up to four-digit dividends and two-digit divisors using 
rectangular arrays, area models, repeated subtraction, partial 
quotients, and/or the relationship between multiplication and 
division. Use models to make connections and develop the 
algorithm.  

  
NC.6.EE.7 Solve real-world and mathematical problems by writing and 

solving equations of the form:  

• 𝑥 + 𝑝 = 𝑞 in which 𝑝, 𝑞 and 𝑥 are all nonnegative rational 
numbers; and,  

• 𝑝 ∙ 𝑥 = 𝑞 for cases in which 𝑝, 𝑞 and 𝑥 are all nonnegative 
rational numbers.  

NC.6.NS.9 Apply and extend previous understandings of addition and 
subtraction.  

• Describe situations in which opposite quantities combine to 
make 0.  

• Understand 𝑝 + 𝑞 as the number located a distance q from 
p, in the positive or negative direction depending on the 
sign of q. Show that a number and its additive inverse 
create a zero pair.  

• Understand subtraction of integers as adding the additive 
inverse, 𝑝 − 𝑞 = 𝑝 + (– 𝑞). Show that the distance between 
two integers on the number line is the absolute value of 
their difference.  

• Use models to add and subtract integers from -20 to 20 and 
describe real-world contexts using sums and differences.  
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NC.7.EE.4a 

 

 Use variables to represent quantities to solve real-world or 
mathematical problems. a. Construct equations to solve problems 
by reasoning about the quantities.  

• Fluently solve multistep equations with the variable on 
one side, including those generated by word problems. 

• Compare an algebraic solution to an arithmetic solution, 
identifying the sequence of the operations used in each 
approach.  

• Interpret the solution in context.  

 
NC.8.EE.2 Use square root and cube root symbols to:  

• Represent solutions to equations of the form 𝑥2 = 𝑝 and 𝑥3 
= 𝑝, where 𝑝 is a positive rational number.  

• Evaluate square roots of perfect squares and cube roots of 
perfect cubes for positive numbers less than or equal to 
400.  

NC.8.EE.7 Solve real-world and mathematical problems by writing and 
solving equations and inequalities in one variable.  

• Recognize linear equations in one variable as having one 
solution, infinitely many solutions, or no solutions.  

• Solve linear equations and inequalities including multi-step 
equations and inequalities with the same variable on both 
sides.  

NC.M1.N-RN.2 Rewrite algebraic expressions with integer exponents using the 
properties of exponents.   

NC.M1.A-REI.1 Justify a chosen solution method and each step of the solving 
process for linear and quadratic equations using mathematical 
reasoning.  

NC.M1.A-REI.3 Solve linear equations and inequalities in one variable. 

 
 


